Recent experimental work on the decay of isotropic turbulence has shown that big eddies play an important part in the motion. There is a range of eddy sizes which, during the initial period of decay, contains a negligible proportion of the total energy and is excluded from the similarity possessed by the smaller eddies. This paper examines the motion associated with this small range of large wave-lengths in the more general case of homogeneous tur bulence. For this purpose it is convenient to introduce a spectrum tensor, defined as the three-dimensional Fourier transform of the double-velocity correlation tensor. This spectrum function is also suitable for the application of similarity hypotheses, unlike the conventional one-dimensional spectrum function. 
Experimental work on isotropic turbulence carried out during the last few years has made clear much of the mechanism of the process of decay. The principal facts established in recent papers are (1) th at during an initial period of decay (Batchelor & Townsend 1948a ) the energy of the turbulence decreases as the recip rocal of the time t, the origin of time being approximately at the instant of creation of the turbulence; (2) that during this initial period the correlations between two and three components of the velocity a t two points distance r apart are functions of rl^(vt) only (v = kinematic viscosity), provided this parameter is sufficiently small (Batchelor & Townsend 1947 ; (3) that after a certain time of decay, which for conventional square-mesh grids and certain Reynolds numbers lies between 100M /U and 200M/U, where M and U are the characteristic length and velocity of the grid and stream producing the turbulence, the rate of decay of energy becomes greater (Batchelor & Townsend 1948a); and (4) at an even later time, the action of viscosity dominates the motion, the energy decreases as £0)~* and the double velocity correlation is a function of r/[v(t -t0)] only, without practical restriction on the value of this parameter (Batchelor & Townsend 19486) .
Some of these experimental facts have been explained in terms of the NavierStokes equations and known basic mechanical processes in a moving fluid. By making the plausible hypothesis that the smaller eddies of the turbulence are in a statistical equilibrium (in the sense of degrees of freedom of any moving system) which is similar a t all stages of the decay, provided the Reynolds number of the turbulence is large enough, Kolmogoroff (1941) and later Weizsacker (1948) and Heisenberg (1948 a) have been able to give a satisfactory account of those aspects of the turbulence which are governed by the smaller eddies. During the final period of decay the effect of inertia of the fluid is negligible and the equations of motion are linear; it is then possible to deduce the rate of energy decay and the correlation function (Batchelor & Townsend 19486) , and since the deductions agree well with the measurements, this part of the motion can also be regarded as well understood. The chief difficulty hitherto has been to explain the law of energy decay in the initial period and the change in this decay law at the end of the initial period.
I t was found experimentally th a t during the initial period the outer part of the double-velocity correlation curve gradually contracts relative to the inner part; th at is to say, when the correlation is plotted as a function of r/^vt) at several different instants, the inner parts of the curves (small values of r/*J(vt)) are coincident, but the outer parts contract toward the ordinate axis as t increases. The end of the initial period seems to occur when this process can continue no longer without disturbing the inner self-preserving region. I t is therefore a reasonable inference th at the motion of the big eddies in some way prohibits an indefinite continuation of the decay law which exists in the initial period. I t is also probable th a t some at least of the big eddies cannot take part in a statistical equilibrium, because their characteristic periods will be large compared with an interval of time during which the total energy of the turbulence changes appreciably. The position is thus th a t a t one end of the range of eddy sizes there are the smaller eddies which dissipate the kinetic energy and are in a statistical equilibrium, and a t the other end there are the larger eddies which are presumably not in a statistical equilibrium and in some way interfere with the equilibrium of the smaller eddies after a certain length of time.
The important question now arises: W hat is the extent of the statistical equili brium, which certainly includes the smaller energy-dissipating eddies? P u t more precisely: Does the equilibrium include the eddies which contain most of the energy of the turbulence? One's first thought is in the negative, because it seems difficult to find another dividing line as physically significant as th at which divides off the energy-dissipating eddies from the energy-containing eddies. If most of the energy were distributed over a range of eddy sizes in a similar manner a t different instants -as would be the case in a statistical quasi-equilibrium-the law of energy decay in the initial period would follow immediately. For the velocity <Ju2, the length and the viscosity v, would then be representative scale factors for the energycontaining and the energy-dissipating eddies and the dimensionless number [V u2*J{vt)]Jv would be constant. But inviting as this assumption was, it seemed to conflict with the facts. The measured correlation functions (Batchelor & Townsend 1948 a) are significantly not self-preserving a t values of r which are certainly smaller than the characteristic lengths of the largest eddies in the turbulence. The integral of the correlation coefficient over all values of is only very roughly proportional to the length <J(vt) which is the scale of the inner portion of the correlation curve. Thus, inasmuch as the correlation between two points at a distance r apart is determined by eddies with characteristic lengths in the neighbourhood of r, there seemed to be evidence th a t the similarity did not include most of the eddies. Moreover, it must be owned th a t the intrinsic merits and plausibility of the assumption of a quasi equilibrium covering the energy-containing eddies did not present themselves to Dr Townsend and the author with any great force.
I t was a t this stage of the research th a t Professor Heisenberg had several con versations with Dr Townsend and the author. The hypothesis th a t the energycontaining eddies are included in a quasi-equilibrium seemed to him to be a priori reasonable, and to be suggested by the simplicity of the energy decay law. 'He has expounded in another paper (Heisenberg 19486) how the experimental facts can be explained on this hypothesis. And what of the objections described above? I t became clear from talks with Professor Heisenberg th at they arise from the incorrect approximate identification of the correlation interval r with the lengths of eddies determining th a t correlation. If the velocity distribution in the turbulence is regarded as being composed of a large number of triply-periodic components with different values of the three co-ordinate wave-lengths, the maximum contribution to the correlation will be made by periodic components whose wave-length in the direction of the interval.?* is r, or a submultiple of r. The wave-lengths in the other directions may take any values, and thus a large range of eddy sizes contributes to the velocity correlation. I t will be shown later, for instance, th a t the integral of the correlation function over all values of r gives a weighting in favour of large eddies, and the fact th a t this integral is not accurately proportional to *J(vt) does not prove th a t the energy-containing eddies are outside the statistical equilibrium. Provided it is still possible to postulate the existence of very large eddies which contain very little energy and are not included in the equilibrium, Heisenberg's hypothesis is entirely acceptable. This is a synopsis of the background to the present work. The author's primary purpose is to examine the part played by the largest eddies in the turbulence, i.e. those eddies which on the above indirect evidence contain very little energy, are not similar with the energy-containing eddies, and produce a change in the law of decay a t the end of the initial period. Now the correlation function a t small values of r is determined largely by the small eddies, and the mathematically convenient operation of expanding the correlation function as a power series in r provides a means of analyzing the effect of small eddies. The same convenience may be obtained in an analysis of big eddies by using the (three-dimensional) spectrum function, which, for small values of the wave number k, reflects the characteristics of the large eddies. This use of the three-dimensional spectrum function is also con sistent with the secondary purpose of the paper, viz. to provide analysis which is suited to the introduction of similarity hypotheses. The one-dimensional spectrum function introduced into the theory by Taylor (1938) will not do for this purpose, because it characterizes the contribution to 2 from wave-numbers whose com ponents in a particular direction are identical, the other components taking all values from zero to infinity. I t is the magnitude of the wave-number vector which is the significant length, and a three-dimensional spectrum function is therefore introduced.
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2*1. Definition and interpretation
Mean values will be regarded as averages over a region large compared with the scale of variation of the velocity. The basic assumption in all th at follows is th at the mean velocity is zero everywhere and th at the field of turbulence is statistically homogeneous and infinite in extent. Let J?|(r) = denote the correlation* between the component of velocity at a point P in the direction of the #r axis of co-ordinates and the simultaneous component at P' in the direction of the ayaxis, where r denotes the vector P P \ Then the general spectrum function of the threedimensional flow pattern may be defined as the (triple) Fourier transform of ), i e T|(k) = jy jfl|(r)e -* -» iT (r), (2-1) where k is the vector wave-number, d r (r ) is a volum i = and the integration is over all space. This spectrum function exists everywhere when .* , j j J |^( r )|d r (r ) converges, and it is reasonable to suppose this condition to be satisfied for most types of turbulence. The transformed version of (2*1) is When i^rj, T|(k) is related to the virtual shearing stresses produced by the Fourier components. For example, when 1 and j = 2, *5(0) = Uxu z = JJJrf(k)dr(k), (2) (3) (4) (5) so th a t -r?(k) is the spectral density in wave-number space of contributions to one component of the Reynolds stress. The total stressmay be zero-and will usually be so in a homogeneous field-but there will always be finite contributions from the different parts of the wave-number space. The odd, imaginary part of rf(k) makes no contribution to the integral (2*5) and appears to have no special significance. I t vanishes when the turbulence has spherical or axial symmetry, for we then have R{{r) = R){r).
In a discussion of similarity hypotheses, the interest lies in characteristics of the turbulence which can be regarded as associated with a single length. I t will therefore be useful to define spectrum functions depending only on the magnitude of the wave-number vector. Thus, taking an average over all directions of k, A function which has a zero Fourier transform is itself zero, so th a t the continuity condition requires the three-dimensional spectrum function to satisfy
The relation between the continuity condition for the correlation function (2*11) and th at for the spectrum function (2-12) illustrates one of the simplicities to be gained by working with Fourier transforms of the correlation function. Vanishing divergence with respect to any suffix is replaced by vanishing contraction (with respect to th at suffix) with the tensor k,. Since R { {r ) has zero divergence with respect to both indices, we also have
Later sections will be concerned with the form of T|(k) a t small values of the vector magnitude k, and the required information can be obtained from the conditions (2*12) and (2*13). T|(k) can be expanded, in the neighbourhood of = 0, as a power series in the components of k, namely,
where the tensor coefficients Y{, T3 im, Y3 imn, are independe the suffixes m, n, ... has no significance here). Substituting the series (2-14) in equations (2*12) and (2-13), and equating coefficients of terms which are similar in the components of k, it is found th at
where T is a constant and eijm is the alternating tensor (eiim = 0, suffixes are not all different, in cyclic order, or not in cyclic order, respectively), and finally r | m" + Tfn, + = Y{an + r'm"t + r* Im = 0. (2-17) rt-
These relations show th at the first approximation to the odd part of I^(k) when k is small is eijmkm T, while the even part of T|(k) is of order k2. The first approximation to the wave-number magnitude spectrum function F{(k) (see (2-6)) when k is small is F} i(k) = %nk*Y{mn.
(2*18)
2-3. First-and third-order transform tensors
A similar analysis of the Fourier transforms of mean-value tensors of arbitrary order can be given. Particular mean values which occur in the dynamical equations are 2/(r) = -pu l, $ p(r) = (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) (15) (16) (17) (18) (19) where p is the fluid density and p is the pressure. The continuity condition a t the point P' in each case leads to
We define tensors 4>^(k) and T |p(k) which are Fourier transforms of r) and SJ ip(r) respectively in the manner of (2*1). The continuity conditions (2*20) lead a t once to
I t is clear th a t if Oi(k) and vF£p(k) are expanded in powers of the components of k, the conditions (2*21) show th a t the leading (constant) terms vanish.
The role of big eddies in homogeneous turbulence In the previous section Fourier transforms of various mean values have been defined and kinematical conditions for small values of k, i.e. in the range of big eddies, have been examined. This information will now be applied to the problem of the decay of a field of homogeneous turbulence-more particularly, to the variation of r|(k ) with time. This problem has of course already received much attention in the special case of spherical symmetry. The assumption of isotropy would make the present analysis very simple, but it is desirable to make the conditions more general in a study of the characteristics of the motion associated with small wave-numbers. I t will be seen th a t there are reasons for expecting non-isotropy of the biggest eddies to occur sometimes in practice.
3* 1. The general dynamical processes
The Navier-Stokes equations a t the points P and P' lead to (v. Karman & Howarth 1938) 0Pf = P |(r) + r ?(r) + 2 , ™ ; (3-1)
where
Let 7r|(k) and y|(k) denote Fourier transforms of r) and r) respectively. Then the transformed version of the dynamical equation (3*1) is
The effect of viscosity onT |(k) is evident from this equation; each wave-number is affected independently and the contributions to total energy from larger wavenumbers are reduced more rapidly. But the other two terms in (3-4) need further examination. Consider first the pressure term 7i|(k). In the notation of (2*19)
H{r) = = -' JJJt W O -*i®'< -k>] e-'*^*(k). (3-5)
Consequently the Fourier transform of P |(r) is
In view of (2-21), 7r|(k) == 0, so th at the pressure effect does not change the total energy contributed by any small region of wave-number space. The effect of the pressure term is thus to transfer energy associated with any wave-number k from one component of the velocity to another. The direction of this transfer of energy is not immediately evident, but it is fairly certain to be such as to produce a more uniform directional distribution of energy. Previous work (Batchelor 1946 ) has shown th a t in axisymmetric turbulence the effect of the pressure term is to make the directional distribution of the sum of the energy from all wave-numbers more uniform, and there is plenty of experimental evidence of a strong tendency to isotropy in any field of homogeneous turbulence. Consider now the non-linear or inertia term y|(k). From (3*2) and (2*19),
T U r) = g^->-3'S?d -r> = -< | J J y f 1 p(k) -TSP( -k)] dr(k). (3-7)
Hence the Fourier transform of T{{v) is
The action of the inertia term is shown by the fact th at
The rate of change of
JJJ;d(k)<Mk) = o.
J J J r|(k )d r(k ) owing to the inertia effect is therefore (3-9)
zero; the distribution of the spectral density T|(k) in wave-number space is altered, with out change in the volume integral over all space. When i -j this corresponds to a redistribution in wave-number space of the density of contributions to the energy of any one of the velocity components. I t can be also anticipated on physical grounds th at the transfer is from small to big wave-numbers. The pressure effect is thus a flow of energy between different velocity components for the same wave-number, whereas the inertia effect is a flow of energy between different wave-numbers for the same velocity component.
3*2. Decay of large eddies
These dynamical processes can be examined in more detail in the case where k is small. To the first approximation we can write
where the tensor numbers <I>^ and vF|Jjm are such as to satisfy the continuity relations Both of these terms are of order k2 and therefore, on equating first power of components of k in (3-4),
Hence the first approximation to r|(k ), namely, , is constant throughout the decay. Since the odd part of T|(k) reflects the lack of symmetry of the turbulence, this result suggests th a t any lack of symmetry of the big eddies persists during the decay.
Consider now the rate of change of the second-degree term in the expansion of r|(k ) (which is the first non-zero term in the case i -Again the viscous term in (3-4) makes no contribution. W ith the use of (2*14), (3*12) and (3*13),
This expression is to be evaluated with the aid of the continuity relations (3-11).
There is also available a continuity relation deduced from (3*4), namely,
The third-degree terms of the first of these identical equations are
SO th a t (3-18) < + < n > m + 2YU W + » = °, (3-19)
< n » + r u + n » < w + > » = ( 3-20)
By examining all possible choices of the suffixes i, m, n in (3-15) and using the relations (3*11)" (3-18), (3-19) and (3-20) it can be shown th at the right side of (3-15) is zero. The details are straightforward and need not be exhibited; the relations used in each independent case are shown in table 1. It has thus been shown that the expansion of T|(k) as far as terms of the second degree, namely, r{(k) = eilmTkM+ Pimnkmkn,
is invariant throughout the course of the decay. When k is small, all three dynamical processes-viscous decay, the tendency to isotropy owing to the pressure term, and the transfer of energy between different wave-numbers owing to the inertia termbecome negligible. The biggest eddies of the turbulence, or, more precisely, th at part of the spectrum function which is described adequately by (3-21), is unchanged from the moment of creation of the homogeneous turbulence. If the homogeneous field of turbulence is created initially with some asymmetry of the big eddy motion, this asymmetry will be a permanent feature of the turbulence; this is the reason why it was thought useful to avoid the assumption of isotropy. I t should be pointed out th at the permanence of the big eddy motion is not a feature which would reveal itself in many of the past experiments on a field of decaying turbulence. The amount of kinetic energy which lies in wave-numbers whose moduli are less than a small value k is propor small wave-numbers normally possess a negligibly small proportion of the total turbulent energy. The aspects of the turbulence which are critically dependent on the big eddy motion will be examined in the following sections.
3*3. The internal friction of turbulence
The effect of the inertia term in equation (3-4) has been seen to be a transfer of energy between different wave-numbers, presumably from small to large. I t can be regarded as equivalent to a virtual turbulent friction, produced by the smaller eddies and acting on the larger eddies. Equation (3-4) shows th at the rate of change of the amount of energy in wave-numbers whose moduli is smaller than k is
Now it has been found that xl(k) + k) is of the third degree in k when k is small, and xl(k) is therefore of the fourth degree. Consequently JJx$(k)* (» ) is of the sixth degree in Jc, as is also k2F\{k), and when k is sufficiently write (3-22) in the form
f|xi(k)ds(fc) e0 is given by * -Tf 0 2 k * F j ' (3*24)
and this limit will be finite. e0 is the total turbulent friction coefficient, since it determines the virtual stresses which are produced by all the eddies (apart from a small range of negligible energy content) and which act on the very largest eddies. So far as the transfer of energy from the biggest eddies is concerned, the repre sentation of the effect of the inertia terms as a turbulent viscosity is not only a useful physical picture, but is exact analytically. Unfortunately, the numerical value of e0 is applicable only to the transfer of energy. The equation for the rate of change of the rk (k') dk' has the same form as (3-23) when is small, but Jo e0 is replaced by
| |[>r|(k) + xl(k)]<fo(fc) (3-25)
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(e0)| = Lt fc->0
JJ[7r|(k) + ^(k)]ds(fc)

2k2jF{(k)
This more general friction coefficient (which is not a tensor) varies with i and j. I f the series expansion of T| (k) The friction coefficient e0 may depend on t, although we can be confident th at it is always positive. Y\mrn is necessarily positive, since it describes the spectral density of the energy. The information about the energy-spectrum function F \(k) is thus th a t the coefficient of A ;4 is constant throughout the decay, while the coefficient of k6 decreases throughout the decay. W ithout further information, the turbulent transfer term on the right side of (3-22) cannot be expressed in terms of the energy-spectrum function F j(k). How ever, if the turbulence is assumed to have a statistical similarity a t different instants, it is possible to postulate an expression for the turbulent transfer on dimensional grounds. Two such expressions, not the same, have been put forward recently by Obuhov (1941) and Heisenberg (1948 a). I t is not the purpose of the present paper to discuss these two postulates about the transfer of energy, but the information obtained in this section allows their validity a t small values of A : to be checked.
Heisenberg has proposed th at the transfer term in (3-22) be represented bỹ K\ I J ( l l p r ) dk 2 J W { and hence his expression for e0 is
e°= KS J J ( W ) dk'' <3-3o>
where K is an absolute constant. Since the integral in (3*30) converges at the upper and lower limits, there is no objection to this expression for the total turbulent friction. Obuhov's suggested form for the transfer term in (3*22) is
where a is an absolute constant. When k is small, this expression varies as A^, and the corresponding friction coefficient e0 becomes infinite. Consequently Obuhov's postulate cannot be correct a t small values of This objection does not of course imply th at the expression (3*31) is unsuitable for use in (generally more important) ranges of wave-numbers which are not small. The relative merits of Heisenberg's and Obuhov's postulates must be debated on other grounds when k is not small.
T h e f i n a l p e r i o d o f d e c a y
When the decay process has gone on for a long time, the intensity of the fluctua tions becomes very small and the non-linear or inertia terms in the Navier-Stokes equations become negligible. The decay is then wholly controlled by the action of viscosity. This final period of decay has already been examined theoretically and experimentally in terms of correlation functions (Batchelor & Townsend 19486) . I t provides an example of a case in which the big eddies play an important part in the motion, and is therefore described briefly below.
When only the viscous effect is significant, equation (3-4) becomes
which can be integrated to give
where t0 is any instant a t which (4-1) is applicable. The determination of the depend ence of r|( k , t) on k will in general require a knowledge of T|(k, t0). B ut when t -t0 is large, (4-2) shows th at T|(k, t) is negligibly small for all except small values of k } in which case the dependence of T|(k, t0) on k is known. In other words, during the viscous type of decay the small eddies decay more rapidly and eventually only the biggest eddies of the turbulence a t time t0 remain. Since the biggest eddies are also invariant during the period in which inertia effects operate and since the spectrum function for small values of k is known from kinematical considerations, the entire asymptotic (for large t) form of T|(k, t) can be determined. The invariant part of T|(k) is given by (3*211. so th a t as -
T|(k, t) -> (eijm Ykm + r j imn km kn) e-2>**(M>>. (
The spectrum function based on wave-number magnitude is thus given by
Fi(k, t) -> f7^4r j mm (4-4)
The asymptotic variation of the energy of any velocity component is found by integrating (4*4) over all values of k; for the energy of the ^-component, The continuity condition requires r i u = 0 (see (4-9) below) and the longitudinal correlation coefficient, usually denoted by f(r), is therefore given by
f(r) R\(r,0,0)^e xp (4-7) S v (t-t0)_
The relations (4-5) and (4-7) have been obtained previously and are in good agree ment with measurements made a t a sufficiently advanced stage of the decay of turbulence produced by passing air through a square-mesh grid of round bars (Batchelor & Townsend 19486) .
Asymptotic expressions for the energy of the #2-and ^-components .of the velocity have the same form as (4*5), only the numerical tensor being different. Hence when t is sufficiently large,
The tensor numbers r];mw, T\mm and r | mm have been found to be invariant during the whole of the decay process, so th a t the ultimate values of ratios of the mean squares of the velocity components depend only on the way in which the turbulence is initially created. I t will be noticed th at the continuity relations (2-17) However, these relations leave r j mm, V\mm and r | mm independent, and may be ignored in a discussion of (4*8).
Since the spectrum function describing the amount of energy of any velocity component (the ^-component, say) lying in a small range of wave-number magnitudes is given by JJ(fc) = when k is small, the meaning of (4-8) is simply th at the directional distribution of total energy when t is very large is identical with the initial directional distribution of energy density in the range of big eddies. Consequently, if the big eddies are produced with some asymmetry of the energy distribution, this asymmetry will persist, and although it will play no important part (and indeed may be unnoticeable in view of the small amount of energy in the large eddies) in the initial period of decay, it will be reproduced in the directional distribution of the energy which remains when the time of decay is large. This result could be tested in a wind tunnel if it were possible by some method to produce homogeneous, non-isotropic tu r bulence. I t is a well-known experimental fact th at the three intensities u\, u\ and very rapidly become equal, but it has been shown herein th at this tendency to isotropy does not extend to the smallest values of k. Eventually the energy of the turbulence will be so low that the amount of energy in small wave-numbers will not be negligible and the asymmetry of the energy distribution will then appear in measurements of u\, u\ and u\. Measurements of the three intensities in the final period when (4*5) and (4*8) are applicable should thus give the initial distribution of energy for small wave-numbers for each velocity component!
. I s o t r o p ic t u r b u l e n c e
When the turbulence is isotropic, analysis in terms of the three-dimensional spectrum functions becomes very simple and has several advantages over the con ventional theory of correlation functions. I t will be useful to set down in this section some of the relations between the spectrum functions and the quantities commonly measured.
I f r|(k ) is a second-order isotropic tensor defined by the vector k and the direc tional suffixes i and j ,it m ust have the form ( and A(k) is the single scalar function defining the complete spectrum function. In particular, the spectral density in wave-number space of contributions to u\ is
and is a maximum, for given k, when the wave-number vector is normal to the a^-axis. The spectral density of contributions to the total energy \{u \ + u\-\-u%) is
and is, as expected, a function of k only. The general spectral density with respect to wave-number magnitude is *1<*) -JTl1<k)<fe<*) -(5-6) so th a t the total energy per unit wave-number magnitude is
This spectral density is the function denoted by F(k) in Heisenberg's work (Heisen berg 1948 a, 6). The single scalar function which completely determines the correlation function R{(t) is usually taken as u2f(r), where, in terms of velocities in the direction of the u2f(r) = Uj(r, 0,0), a^-axis, and u2 i\ = u\. Thus, on substituting from (5*4), u2f(r) = J*J*J*rJ(k) e~'*ir dr(k)
00
J j J * \k\ + k\) A{k) e-tfcir 8 n r r2 Jo k2A (k) ~ cos dk.
(5-8)
Transforming (5-8), or, alternatively, proceeding from (2-1 is found explicitly in terms of u2f(r): k2A(k) -u2 j r2 f{r) -cos kr^ dr.
The conventional one-dimensional energy-spectrum function can be recovered from T|(k). Thus if (fi(kx) is the longitudinal spectrum function introduced into turbulence theory by Taylor (1938), <t>{kx) d is the co numbers whose ^-components lie between kx and kx + dkx, and
The role of big eddies in homogeneous turbulence 527 where cr2 = k\ + k\. I t follows from (5*10) th at
so th at the spectrum with respect to wave-number magnitude can be obtained from experimental data describing <fi{kx). An important consequence of (5*11) is th a t whenever <fi(kx) varies directly as some power of kx, F\{k) has an identical dependence on k apart from a multiplicative constant. This function <fi(kx) is the (cosine) Fourier transform of u2f(r), i.e. This functionj^&jJ is the (cosine) transform of the lateral velocity correlation usually denoted by u2g(r), or in the notation used herein, R\(0,r, 0).
The expansion of the expression (5-3) as far as terms of the second degree in is
where A0 = .4(0), so th at the tensor previously denoted by T{mn (see (2*14)) becomes Tt* n = (5*13) when the turbulence is isotropic. I t has been established th a t T{mn is invariant during the decay, and A0 is therefore invariant. When k->0, equation (5*9) reduces to A°= l h *U*Jo I t has already been pointed out by Loitsiansky (1939) th at when the turbulence is isotropic the equations of motion show that the expression (5-14) is invariant during decay. But whereas formerly this result had been difficult to interpret physically, its meaning is now clear. I t states simply th at the spectral density a t very low wave-numbers is permanent when once determined by the initial conditions. I* 00 Since r *Ĵ(r1} 0 , 0 )^ is only invariant during decay if the big eddies Jo isotropic (when it reduces to 127r2.40), the experimental results reported in a previous paper (Batchelor & Townsend 19486 ) need a little further consideration. In th a t paper measurements of u\ (the a^-axis being parallel to the air stream) in the final period of decay were described and the coefficient -£0)]* was identified with the implicit assumption being th at the turbulence was wholly isotropic. If it were true th at the big eddies were not isotropic, the more correct interpretation is th at ll>(<--*o)]4oC Timm = 8^3 J J J^i ( r )^T(r )» (5*15)
as given in (4-5). The measurements made a t the time were insufficient to establish isotropy in the final period, and subsequently it seemed to the author th at the point needed checking. Dr A. A. Townsend has therefore made measurements of the intensity of one component normal to the air stream, say u\. He finds th a t u\ and u\, measured a t four positions between 450 and 950 mesh-lengths from the grid and at UM/v = 650, are not different by more than the normal experimental error. All these positions are in the final period of decay, so this result shows th a t the big eddies in the field of homogeneous turbulence produced by a square-mesh grid are isotropic. If there is any lack of isotropy of the big eddies immediately behind the grids, it is apparently lost-in a way which is not immediately clear-by the time the turbulence becomes approximately homogeneous, i.e. a t a distance of about 10 mesh-lengths from the grid. The dynamical equation (3*4) becomes very simple when the turbulence is iso tropic. First-and third-order tensors must then have the form (v. Karman & Howarth 1938) ®'(k ) = P(k)k{, (5-16)
where P, T, U, V are arbitrary even functions of and the insertion of i is for later convenience. The continuity relations (2*21) show a t once th a t P(k) = 0, corre sponding to the known result th a t the corresponding correlation tensor is zero, and th at ^( k ) = kt kp(ii*T + 2V) + i tp{&U) = 0.
(5-18)
The coefficients of k{kp and Sip must be zero separately, so th a t (5*17) be (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) (15) (16) (17) (18) (19) and, from (3*8),
Thus if A ( k )b e regarded as the single scalar function defining T|(k) when the tu r bulence is isotropic (cf. (5-3) ), the corresponding scalar function defining the transfer term y|(k) is -k2T(k). Equation (3*4) then reduces to a single scalar equation, viz.
-k2T(k) -2 (3*21) 0 A(k) k2T(k) determines the net loss of energy associated with the wave-number k, as a consequence of inertia forces. The coefficient of total turbulent friction defined by (3*24) is eo = |T(0)/A(0), (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) (15) (16) (17) (18) (19) (20) (21) (22) and, in this case (viz. spherical symmetry), describes the transfer of energy from any of the velocity components separately. As mentioned above, is constant during the decay and the equation corresponding to (3*28) is (5-23)
The relation between T(k) and the triple velocity correlation can be established. If (u2)*h{r) is the triple correlation* denoted by S\2{r, 0,0) (see (2*19)), it has been shown by von Karman & Howarth (1938) 
th a t the scalar function defining T\(r)
is -2(u2f P f ) + --n in the sense th a t u2f(r) is the single scalar functio
U|(r).
Hence the relation between -k2T(k) and -2(w2)5( ^ + -j is identical with th a t between A(k) and u2f{r)\ by analogy with (5*8) and (5*9)
i.e. Since h(r) is an odd function of r of order r3 when r is small, an integral condition on
In view of (5-21), this condition means th at the turbulent friction transfers energy from one wave-number to another without changing the total amount of energy. In terms of the correlation functions, the total internal friction becomes e° = | = M 5 J q r5h{r) dr jr*f(r) d r.
(5-27)
Measurements show th at f(r) and h(r) are always positive, so t surmised earlier. Equation (5*23) then shows th at A"Q decreases throughout the decay.
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Similarity h y po th eses
The principal advantage of the use of the three-dimensional spectrum functions is that it gives a definite meaning to the idea of motion associated with any given length scale. Intuitive ideas about the balance of energy between eddies of different sizes can be interpreted in terms of the dependence of ) on k. Similarity hypotheses which postulate a similar balance of energy a t different times over a. limited range of characteristic eddy sizes should apply above all to the threedimensional spectrum functions, and should lead to functions which preserve their form with change of t. On the other hand, physical ideas about the transfer of energy between eddies of different size are not necessarily applicable to one dimensional spectrum functions in view of the presence in the latter of contribu tions from a wide range of wave-number magnitudes having, say, a common ^-component (cf. (5*10)). Assessment of the validity of similarity hypotheses has been confused-at any rate, in this author's mind-by lack of appreciation of this point.
Consider now the application of similarity hypotheses to F{(k, t). If the whole of the variation of F{(k, t) with k is to have the same form for a range of values of t, the invariance of the leading term when k is small requires th a t all these curves should be obtainable from, any one curve by an alteration in the unit of k, i.e.
F{(k,t) =
where a is a length depending on t. We are here supposing th at the turbulence is completely similar in the statistical sense a t different instants.* On dimensional grounds all lengths associated with the turbulence must be proportional to -£')], which can be equated to a, where t' is a suitably chosen virtual origin of time, and all velocities must be proportional to, say, ( r |wm/a5)*. Thus e0 = (length) x (velocity) oc r f mwa~*, oc [v(t-*')]-*.
(6-2) B ut (3*23) shows th a t in a completely self-preserving solution e0 and v must vary in the same way; hence such a solution is only possible when e0<^v, i.e. when inertia effects have become negligible, as has previously been shown . Despite this severe restriction on the possibility of complete similarity, partial similarity can-and does-play an im portant part in the process of decay. The fact th a t the leading term in F{(k) is of the fourth degree in k means th a t very little energy lies in the range of small wave-numbers. Thus almost all the energy of the turbulence lies in a range of wave-numbers separated from the region (namely, th a t near k -0) in which the behaviour of F{(k) is already determined by the initial conditions. There is no restriction on the application of similarity hypotheses to those aspects of the turbulence which do not depend significantly on the motion of the largest eddies, and the total energy of the turbulence will be one such aspect in the initial period of the decay.
When the turbulence is isotropic the quantities which can be covered by a simi larity hypothesis during the initial period of decay are those which do not depend significantly on the value ot A ( k )at A ; =. 0, since this value is invarian moment integrals off(r) are given by (5-8) and (5*9) as where the C'm and C "m are numbers. The behaviour of A(k) near 0 is thus im portant for the moment integrals of f(r) of order and higher, is probably significant for moment integrals of order 1 and 0, and has little effect on the derivatives of f(r) a t r = 0. Previously reported measurements are therefore consistent with the hypothesis of similarity for all except the very largest eddies. We note, in particular, th at w2oc f ktA(k)dk} u 2 f f(r)drcc f k?A(k)dk, (6-5) Jo Jo Jo so th at the contributions to the integral scale are weighted in favour of small values of k relative to the contributions to the energy. The experimental evidence (Batchelor & Townsend 19486) suggests th at the range of non-similar eddies is such as to affect the latter, but not the former, of the integrals in (6*5).
The exclusion of some of the bigger eddies from a similarity hypothesis would always be expected. A statistical similarity is the expression of a statistical equi librium (which, in the case of decaying turbulence, will be a quasi-equilibrium, involving the time t) which can only be established by a continual modulation of the Fourier components of the motion. If this process of modulation is very slow for some Fourier components, the over-all conditions (e.g. total energy) may be changing too rapidly for them to reach quasi-equilibrium. I t has, in fact, been seen in § 3 th at the proportional rate of change of the spectrum owing to the inertia effect is of order k2 when k i s small, so th at however slowly conditio of the big eddies do not reach quasi-equilibrium. The ab initio deduction of the range of values of k for which a statistical quasi-equilibrium is possible appears to be a difficult task. Meanwhile there is the empirical evidence th at the bulk of the energy of the turbulence is included in the similarity range.
The hypothesis of a statistical quasi-equilibrium of the energy-containing eddies has been used very successfully by Heisenberg (19486) to explain the observed features of the decay of turbulence produced by a grid and to deduce the energy spectrum function. I t will be clear th at the ideas of the present paper owe much to this work of Heisenberg's.
